Chapter 3

Determining Change: Derivatives

Section 3.1 Drawing Rate-of-Change Graphs

1. The slopes are negative to the lefAcdnd positive '
to the right ofA. The slope is zero &t Slopes

3. The slopes are positive everywhere, near zeroetot '
left of zero, and increasingly positive to the tigh Slopes
zero.

5. The slope is zero everywhere. y'=slope =0

7. The slopes are negative everywhere. The magnitudSlopes
large close tox = 0 and is near zero to the far right.

9. The slopes are negative to the left and righ&.ofhe v
slope appears to be zercfat Slopes
|
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46  Chapter 3: Determining Change: Derivatives

Calculus Concepts

11. a.
Graph Slope graph
b.
Graph Slope graph
13.a, b. Year Slope
1991 -6.6 o °
1993 -6.2 s Y .
1997 2.5 = 4
(0] 2
1999 1.0 g
(]
2000 5.4 s> © I
5 8 4985 1990 1995/2000 2005
(Table values may vary.) o
g8 4
e 6
o
= -8
@
15. a. (Table values may vary slightly.)
Year 1985.25 1990 1995 1997 2000
Slope 8 46.8 79.2 55.2 21.4

b. Graph may vary, but its basic shape should beas@ndown with a maximum between
1993 and 1995.

17. a. The average rate of change during the year (foyresbmating the slope of the secant line
drawn from September to May) is approximately 14niers per month. (One possible

answer.)
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Calculus Concepts Section 3.1: Drawing Rate-of-Change Graphs 47

b,c. By estimating the slopes of tangent lines we obtfaénfollowing. (One possible answer.)

Month Slope Members
(members per month) | per month
Sept 98 122 1
Nov -9 .
Feb 30 wl

Apr 11 ol /\
f ' } ' i Month

Oct M Jan Feb Mar Apr\\/[ay

20 +
40 L

d. Membership was growing most rapidly around Mafdfis point on the membership graph
is an inflection point.

e. The average rate of change is not useful in skegcain instantaneous-rate-of-change
graph.

19. J'@)
(inmates
per year)
200 T

18.8 o— t
Years
since

0 5 10 1990

21. a. Slope» $18,000_ $600 per c:
30 cars

Profit is increasing on average by approxima$&90 per car.

b. By sketching tangent lines we obtain the followaggimates: (Answers will vary
depending on points picked and estimates of slppes.

Number Slope
of cars (dollars per car)
20 0
40 160
60 750
80 10
100 -1200
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C. Average

monthly profit
(dollars per car)

Chapter 3: Determining Change: Derivatives

1200 1
900 +
600 +
300 T

\
/ \
\ /

1 L1 i A } }

-300 T
-600 +
-900 T
-1200 +

10 200—""40 50 60 70 80, 90 100 110 120 S°ld

23. The derivative does not existat O,

.|, Cars

Calculus Concepts

The average monthly profit is
increasing most rapidly for
approximately 60 cars sold
and is decreasing most rapidly
when approximately 100 cars
are sold. The corresponding
points on the graph are
inflection points.

Average rates of change are
not useful when graphing an

instantaneous-rate-of-change
graph.

x = 3, andx = 4 because the graph is not continuous at thme values.
y!

Slopes
2 -1

~

’

different at those inputs.

y
Slopes
y. /
/ /
/ /
/ /
/ /
/ /
L ; i X
1 2 3 4 5

27. One possible graph:

110
\\—ﬁ
0 ) '
—

25. The derivative does not existxat 2 andx = 3 because the slopes from the left and right are
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Calculus Concepts Section 3.1: Drawing Rate-of-Change Graphs

29. One possible graph:

31. a. p'(m)

b. i. p(m = m+y/ m

i. p(m+hH=m+ h+ty m+ h
pm+H- gm_ kv m A n

m+ h- m h

_ hedmeheJm (Ymehedm

h (x/me/Tn)
_h(\/m+ h+JTn)+(m+ h- m fn/ M h\/_)nk
B h(\/m+ h+\/Tn) B r(\/ mt h+\/_r)1

o h(\/m+ h+ﬁ)+ h-l' (\/ m+ h+\/7r)1+1_2\/ﬁ+1_1 1
Ve o0 h(\/m+\/7n) "5 0 Jm+h+dm  2ym +2\/_rr

dp _

1
am- 1+m. The graph ofg—r%is the same as the one in part

Copyright © Houghton Mifflin Company. All rights reserved.

49



50 Chapter 3: Determining Change: Derivatives Calculus Concepts

33. One possible answeWhen sketching a rate-of-change graph, it is ingyarto identify the
following features on the graph of the original dtion: 1) input values for which the
derivative does not exist, 2) input intervals owich the function is increasing, 3) input
intervals over which the function is decreasingiiut values that correspond to a relative
maximum or minimum of the function, 5) input valdes which the function appears to be
increasing or decreasing most rapidly, 6) inputigalthat correspond to inflection points
where the function has zero slope.

Section 3.2 Simple Rate-of-Change Formulas

1. dy
dx

The functiony =2- 7x is a line with slope?. Thusg—i =-

dy
a—4x

The slope formula isg—i =4x* 1 =43,

5. dy
dx

The slope of any horizontal line is 0.

7. The power rule appliesf '(x) =5x> 1 = 5x*
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Calculus Concepts Section 3.2: Simple Rate-of-Change Formulas 51

9. The power rule and the constant multiplier rulplgp f '(x) = 3(3x3' 1) = 9x?

11. The linear function rule (or the power rule) apply(x) =-5

13. The constant rule applied:'(x) =0
15. The linear function rule (or the power rule and tbastant multiplier rule) applyg—y =12
X

17. The sum rule, the constant multiplier rule, thevporule, and the constant rule apply:

dy—5(3x3'1)+3(2x2 1)_ = 15¢+ 6¢ -

19. f(x):%:x'3® f'(XY)=-3x%=- 3x% -3
X X
9 18

21. f(x)——z—-9x2® f(ge- of 2x*5 18 =

23 100 =F Lo 1@ f(9=3 151 3 xE 1
X X X X

ol 1
2 2f
27. a. A(t) =01333 dollars per year gives the rate of changke average ATM transaction
feet years after 1990, 6t £ 9.
b. A(10)=01338 10+ 01% $1 50

25. f(x)=Vx=x ® F(9=3 R

c. A(9)=%$01333 per year
The transaction fee in 1999 was increasing lpy@pmately $0.13 per year.

29. a. T¢x)=-1.6t+ 2 Fper hour is the rate of change of the temperathoairs after
noon
T€1.5)=-1.6(1.5r - 0.4 Fperho

T¢-5=-16( % 2 210F/hour
Steepness does not consider the sign of the dopee compare 0.4 and 10 and conclude
that the graph is steeper at 7 a.m. than it s34 fp.m.

b. T€-5=-16( 5 2 10 Fperhot
C. T§0)=-1.6(0¢ 2= 2 F per hot

d. T§4)=-1.6(4}% 2=- 4.4 F per hol

Because this value is negative, the temperatuedliisg at a rate of4.4 F per hour.
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31. a,b. B'(X) = 0.26853x?) - 15.6(2x) + 94.684+ 0= 0.8055 - 31.2x + 94.684 births per year

33.

35.

37.

is the rate of change in the number of live bitth§).S. women aged 45 and over, where
is the number of years since 195 Q£ 50.

B'(20) = 0.8055(20) - 31.2(20) + 94.684= - 207.12births per year in 1970

B'@45) = 0.8055(45)2 - 31.2(45) +94.684=32182births per year in 1995

In 1970, the number of live births to U.S. womero#5 and over was falling by
approximately 207 births per year. In 1995, thmber of live births to this group was
rising by approximately 322 births per year.

m(w) = 6.930w+ 682 188 kilocalories per day is the metabolie cdta typical 18- to

30-year old male who weighspounds, 8& w £ 200.

m(w) = 6.930 kilocalories per day per pound is the odtehange in the metabolic rate of
a typical 18- to 30-year old male who weighpounds, 8& w £ 200.

Regardless of the man’s weight, if he gains weilgistmetabolic rate will increase by
6.930 kilocalories per day per pound.

R(x) =- 368x> +47.958¢% - 80.759% +16698 billion dollars is the revenue whéx

billion is spent on advertising, 1£2x £ 6.4.

R'(X) =- 368(3x?) + 47.958(2x) - 80.759(1) + 0=- 11.039%> + 95.916x - 80.759 billion
dollars per billion dollars (billion dollars of remue per billion dollars of advertising) is
the rate of change of revenue wherb#llion is spent on advertising, 1£2x £ 6.4.
Revenue:R(5) = - 3.68(5§+ 47.958(%) 80.759¢5) 166x98 $505 billion

Rate of Change of RevenudR'(5) = - 11.039(5)+ 95.916(5) 80.769 $122.¢ billion

per billion dollar

wlOO%» 24.46Y per billion dollars spent on advertising.

P(x)=175- 0.015¢- 0.7& 4*6ﬂs dollars is the profit from the sale of one storm
X

window whenx windows are produced each hoyr 0.

PEx)=0- 0.015(%) 0.78 © 49( £2 3- 0.88 &784—2
X

dollars per window gives the rate of changehefprofit from the sale of one storm
window whenx windows are produced each hoxr; O.

P(80)=175 0.015(80) 0.78(80) 462—2 > $94. profit

P¢80)== - 0.03(80} 0.78 %»- $1.€per window produced

When 80 units are produced each hour, the grofi the sale of one window is
decreasing by $1.61 per unit produced. In othed&,af production is increased from 80
to 81 windows per hour, then the average profitvgedow will decrease by
approximately $1.61. This indicates that if the pamy wishes to maximize the profit per
window, they should not increase production abdveid@its per hour.
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Calculus Concepts Section 3.2: Simple Rate-of-Change Formulas 53

39. One possible answerThe graph of a cubic function with a positiae’ term will increase,
then decrease (or level off if the cubic functiaed not decrease at all), and finally increase
again. The derivative graph for this cubic funotigill be a parabola with positive values at
each end corresponding to the intervals of incraaskeither an interval of negative values (or
the single slope value of 0 corresponding to thatpbat divides the two intervals of
increase).

Section 3.3 Exponential and Logarithmic Rate-of-Chage Formulas

1.

7. h¢x)=0- 7&'=- 7€

9. dg =(In2.1)(2.1)
dx
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11.

13.

15.

17.

19.

21.

23.

Chapter 3: Determining Change: Derivatives Calculus Concepts

h'(x) =12(In1.6)(1.& |

X

4
f(x)=10 1+0'T05

f¢x)=10 |n(1+%;)4 (1+°—f5)4x
» 0.496é }OT%)4X

» 0.4969(1.0509 )

j€x) =4.2(In0.8)(0.8 }+ (
=4.2(In0.8)(0.8 )

4

J'(x)=4x =
X

x T

=0-

o_|o_
X I<
x |~

1
><|\1

a. A= (eo.043)t

i_/? = In(e2043) 0043

=0.043In¢e) 043

=004%%%*3 thousand dollars per year is the rate of changkeo¥alue of the
investment aftet yearst > 0.
b. A(5) = 08309
»1.23986 thousand dollar
= $1239.86
A'(5)

c. A¢5) = 0.043"940) : ﬁﬁoo »4.2% per year
» 0.0533 thousand dollars per y
» $53 per year

a. g—Azlooom(elo 'Y = 1000(10§° = 10,006
r

=10,00@'" dollars per 100 percentage powiten the interest rate is 700

b. A'(0.07)= 10,00&"°%%") $20,137. per 100 percentage points. Working with interest

can get interesting when taking derivatives. Toegase of $20,137.53 represents the rate
of change when the interest rate (currently0.07) increased to by 1 to 1.07. This means
the interest rate is increased from 7% to 107%.
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C. d—A:1000In(e0'1) et = 1000 O)le01 = 10@°? dollars per percentage point when the
r

interest rate i§%. The constant multiplier and exponent multiphes bothl—cl)O of what

they were in the function in paat
d. Ag7)=100>"" » $201.3per percentage point. This answets of the answer to
partb.

25. a. Solve?2.5= o.1z( 4.106)

25 =4.106"
0.14

In % =In(4.106x)

In é =xIn4.106
0.14

2.5
In —=
0.14

In4.106
X» 2.041

b. s'(x)=0.14(In4.106)(4.106 million iPods per year is the rate of change afiRales,
wherex is the number of years after the fiscal year tinalieel in September, 2002,

O£ x£3.
c. s'(2.041)= 0.14(In4.106)(4.166" » 3.5 million iPods per year; The iPod sales were

increasing by approximately 3.531 million iPods pear at the time the 2.5 millionth iPod
was sold.

.37 »105 grams per week

27. a.9 weeks:w(7) =113+ 7371n A 2564rams;w{7) =

w(9)- W(4) » 5.977 grams 1.195 grams per week on aver:
9- 4 5 weeks

c. The older the mouse is, the more slowly it gaingghiebecause the rate-of-change
formula, wt) =7'T37, has the age of the mouse in the denominator.

29. a. T'(d) =%’9°F per day is the rate of change of the temperatuwéhich mil must be

stored in order to remain fresh, whelris the number of days that the milk must be stored,
d>0.

b. As the number of days that the milk must be stameteases, the temperature at which the
milk must be stored decreases more slowlyns€quently, the rate of change of the
temperature approaches zero.
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31. a

33.

35.

Chapter 3: Determining Change: Derivatives Calculus Concepts

3187- 2941
199¢- 1997

and 1999.
C(x) =-351.52% 227.777Ix points is the consumer price index for collegédui

between 1990 and 2000, wheris the number of years since 1980.
C'(18)= 22;.777

=12.3index points per year; this is the average ratehahge between 1997

» 12.7points per year

R(x) =3.960(3.584 million dollars is the revenue realized by Applerh the sales of

iPods for fiscal years ending between Septembe2@02, and September 30, 2006, where
x is the number of fiscal years since Septembe2G00.

R'(X) =3.960(In 3.584)(3.584 million dollars per year is the rate of changehs tevenue

realized by Apple from the sales of iPods for flsezars ending between September 30,
2002, and September 30, 2006, wheig the number of fiscal years since September 30,
2000.

Revenue:R(5) = 3.960(3.582 » $2340.4
Rate of ChangeR'(5) = 3.960(In3.584)(3.5843 $2987.million per year

Percentage Rate of Chang%% X®00 =127.6%% per year

The revenue realized by Apple for the fiscalryaading in September 30, 2005, from the
sale of iPods was approximately $2340.44 milliotiads. At that time, the revenue
realized by Apple from the sale of iPods was insi@@ by approximately $2987.53
million per year. This rate of increase in theemwe realized by Apple from the sale of
iPods was approximately 127.65 % per year.

y=e¢® Y= (ng(e)= @ e= &
dx

y=e*=(d)'® y=(n &)( &= ( §'= Ke
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Calculus Concepts Section 3.4: The Chain Rule 57

Section 3.4 The Chain Rule

1.

a. f(x(2)) =f(6) = 140

df
b. Whenx =6, O = f ¢6) =-27

c. Whent= 2,% =xq2)=13

d. Whent=2,x=x(2) =6, so% = f€6)x (2)= (-27)(1.3=- 35.

Lett denote the number of days from todaydenote the weight in ounces, andenote the

value of the gold in dollars. We know th(%t\i =$395.70per troy ounce an%": 0.2troy
W

ounce per day. We seek the value(gﬁff:

= $64.62 per day
The value of the investor’s gold is increasing edte of $64.62 per day.

a. R(476) = $10,000 Canadian
On November 25, 2002, 476 units of the commodityevemld, producing revenue of
$10,000 Canadian.

b. C(10,000) = $633.47
On November 25, 2002, 10,000 Canadian dollars weréh 633.47 U.S. dollars.

dR
C. & =$2.6 Canadian per unit; On November 25, 2002, the newavas increasing by 2.6

Canadian dollars per unit sold.

dC
d. ar =$0.633£ U.S. per Canadian dollar; On November 25, 2002 gixchange rate was

$0.6335 U.S. per Canadian dollar.
dC _dC dR

e _

dx dr dx
= ($0.6335 U.S. per Canadian dollar)@Zanadian per uni

= $1.65 U.S. per unit
On November 25, 2002, revenue was increasingtaiof $1.65 U.S. per unit sold.

130

a. In2010,t=10 and p(10):m

» 12.00¢ thousand people

In 2010 the city had a population of approximate®y000 people.
b. g(p(10))» g(12.009)» 2(12.009) — 0.001(12.069» 22 garbage trucks
In 2010 the city owned 22 garbage trucks.
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c. Letu=1+1269%2 andv= —0.02. Then p=130u~tandu= 1+ 12¢'

dt dudt dudvdt
:i(13m‘1)i(1+ 1@")3(—0. 02) = (-13~2 )1 2¢" (-009
du dv dt

312V 31.x7002
u2 (1+ 1%—0.02 )2

thousand people per ye

31 26-002(10)

P10 = (L+ 12500710 2 » 0.22 thousand people per year

In 2010 the population was increasing at a rat@pproximately 220 people per year.
d. g4p) =2-000% %)
=2-0.003? trucks per thousand people
g« p(10)) » g((12009
=2 —0.003(12.00§ » 1l.trucks per thousand people

In 2010 when the population was approximately@@, the number of garbage trucks
needed by the city was increasing by 1.6 truckshpmssand people.

e. %{—g‘;—f:gc(p(lo»pmo

» (1.6 trucks per thousand people)(0.22 thousanglpgxer year)

» 0.34 trucks per year
In 2010 the number of trucks needed by the city waeasing at a rate of approximately
0.34 truck per year, or 1 truck every 3 years.

f. See interpretations in padghroughe.

9. c(X(t)=3(4-6ay -2
dc _ dcdx

P (6x)(—6) = 6(4 — 6(-6) = —144 + 216

-4
1L h(p()) = — 55

Letu=0.5t.Thenp= * &'.
dh_dndp _dhdpdu
dt dpdt dpdudt
= 5 @P 7 g (1 1) (-08)
= (—4p~2)(3¢" )(-05)
_6e"

p2
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_ 6e—05t
1+ E—O.St ) 2

13. k(t(¥) =4.3In %)% - 2n 2+ 4n x 12
1

%:4.:{ a(lnx)zll- 22inx) 2+ 41 0
dx X X X

:12.9(Inx)2 _4lInx, 4
X X X

3 2
15. p(t(k)) = 7.9(104914 - 12K
3 2
$=7.9(In1.046)(1.04éj‘k 1T 4?24

17. Inside functionu=3.% + 5.7 Outside functiorf:= u®

df dfdu_d,6 5, d
—=——=—(")—(32x+5
dx du dx du( )dx( L

=(5u*)(32)
=532x+57%(32 =163 + 57*

8
19. Inside functionu=x-1 Outside functionf :F =gu3
df _df du
dx du dx
d _3, d
=—@Bu ) —(x-1
du( )dx( )
= (—2407)()
_—24
u4
_ —-24
(x=1)*

1
21. Inside function:u= x2 — 3x Outside function:f = \/_ =uz?

dx dudx du
L 2x—3
= Zu X—
> ( )

2x—3 2x—-3

) 2\/a _2Vx2—3x

23. Inside functionu = 35 Outside functionf = Inu
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dx du dx
d d
=—(In u)—(35x
OIU( )dx( )

=1zl 351
- u(35)_35x(35) X

25. Inside function:u = 16x2 + 37x Outside functionf = Inu

d_ddv_ 40096 +37)
dx dudx du dx

- 1 ax+3n)
u

1

= —————(32x+ 37)
16x“ + 37x
_ 32x+ 37
16x2 + 37x
27. Inside functionu = 0.6 Outside function:f =72¢"
df _df du
dx du dx

d d
=—(72e")— (0.6x
du( )dx( )

= (72¢")(0.6)
= (726"%)(0.6)

= 43.26°%
29. Inside functionu = 0.0& Outside function:f =1+58"
df _ df du
dx du dx
_—(1+58eu +4 (0.08
dx
= (58e” )(0.08)

- (5&0.0&( )(008] — 4.6%0.0&

inside:w = 0.6

. . ‘U= 1+1%0.6X
31. Inside function: outsideu = & 18"

12
Outside function:f = m +7.3=12ut+ 7.2
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df _df du_ df du dw

dx dudx dudw dx
_d 1 d w d
=—(2u" +7.3— (1+ 18" —(0.6x)
du dw dx

= (- 12u2)(18" )(0.6)
S12(H 18°% )2 (18> )(0.6

-129.6"%
(1+ 1&0.6)( )2

33.Inside functionu = \/;- 3x= x- 3X Outside function:f = u®

df _df du
dx dudx
d, 3 d,6 1
=—(u’)—(x2 - 3x
du( )dx( )

-1

=30 - 3P E X2- 3)=3Wx- If ——- 3

2 2%
35. Inside function:u =In x Outside function:f = 2"
df _df du
dx du dx
d u. d
=—(2")—(nx
du( )dX( )
—(n2)2u 1
X
—(n2)2"* L
X
_(in2)2"*
X
37.Inside functionu = - Bx Outside function:f = AeY
df _df du
dx du dx
d d
=—(Ae")—(- B
OIu( )dx( %
= A€'(- B

39. a. S(UuX)= 0.75/ —2.3¢ + 53.2¢ 249.8 1millions of dollars is the predicted sales for a
large firm, wherg is the number of years in the future.
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41.

43.

45,

Chapter 3: Determining Change: Derivatives Calculus Concepts

1
b. iS(L()@) _dSdu :1(0.7512 + 131(—2.3(2 + 53X+ 2498
dx dudx du dx
_1
- 0751y [-23(2x)+ 532+ § = 037946+ 539
2 Ju
—1725+ 1995

= 2 millions of dollars per year is the rate of chaimge
\/—2.3x + 532+ 2498

predicted sales for a ldiga, wherex is the number of years in the future.

c. Answer will vary depending on the current yeathl year is 2007, then the answer for
2007 would be obtained by substituk = 0 in the expression from pdrtso the rate of
change would be approximately Irition dollars per year.

a. REq) =0.0314(0.622855228% mijllion dollars/quarter is the rate of changelie t
revenueg quarters after the start of 1998.

b. | Quarter Ending June 1998 June 1999| June 2000
R(q) million dollars 3.0 4.2 18.8
R¢(g) million dollars per quarter 0.07 0.82 9.92
%&00 % per quarter 2.3 19.5 52.7
. Ny _ LABg BX
a. We use the formula developed in Activity 384 X) S
1+ Ae ™)

withL = 49,A = 36.0660, an@® = 0.206743.

365.3@30'206748

mex) = LABe BX :(49)(36.0660)(0.20674330-206743( )
(& 36.0660 020674 )

- (1+ Ae— BX)Z (1+ 36066@ 0.20674% )2

states per year is the rate of change of statesational P.T.A. membership, whetés
the number of years since 189, R £ 36.

49

> M= 36 066w 0296730

» 5 states

c. 1915:M(20) » 2.4 states per year

1927:M(32) » 0.4 state per year

a. f(x =13865.11<3 1.03’5) dollars is the projected tuition at a private 4+yeallege for the
years between 2000 and 20%Qears after 2000.

b. Becauseaekx =« ek) X, we solve fok in the equatiorek =1.035, Therefore,
k = In 1.035» 0.0344 and (x) » 13865.118° 0344
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c. For the first formula:
£ (%) =113865.11(3 1.035) =13865.11% |n1.03)5( 1.0%5}
dx

» 476.98(1.035 dollars per year

For the second formula: Let= 0.0344. Then f »13865.118".

=di(13865.113“ )3_ (0.034%4 =(13865.118" )(0.034<» 476.98"
u X
» 476.98%%34% gojlars per year

d. Using the first model:f '(8)» 476.98(1.035 3 63 dollars per year

. 0.0344
Using the second modef: (8)» 476.98' 9

The answers are identical.

» 63.dollars per year

47. a.The data are essentially concave up, suggestingdrgtic or exponential function. We
choose a quadratic model because it fits the digtatly better than an exponential model.
t(x) = 7.763¢ + 47.44%+ 1945.8¢ units is the average weekly production cost at a
manufacturing company during tkh quarter after January 1, 2000, for the periodhfr
January 2000 through December 2003.
b. C(t(x))=196.25+ 44.45In(7.76>§ + 47.44# 1945.8dollars is the weekly production

cost at a manufacturing company duringxtrequarter after January 1, 2000, for the
period from January 2000 through December 2003.

c. Jan-Mar 2004: C(t(17)) » $574.81 per week
Apr—June 2004:  C(t(18))» $577.56 per week
July-Sept 2004:  C(t(19)) » $580.27 per week
Oct-Dec 2004: C(t(20)) » $582.94 per week

According to the graph, the cost appears never to
decrease between January of 2000 and January of
2005.
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d dc dt
9 iy =9C 9t
e. o Ct ="

=%(19625+ 4425nt)di( 7768 + A7447+ 1945893
X

= 44'25% (15525 + 47 447 D

44,25 15525 + 47 44y

77632 + 47447 + 1945897
weekly manufacturing costs at a manufacturing comgluring thexth quarter after
January 1, 2000, for the period from January 26@@ugh December 2003.

dollars per quarter is the rate of change of

According to the graph, the rate of change is
always positive. No, the cost will never decrease.

49. One possible answer€Composite functions are formed by making the outh one function
(the inside) the input of another function (thesiae). It is imperative that the output of the

inside and the input of the outside agree in trentjty that they measure as well as in the units
of measurement.

Section 3.5 The Product Rule
1. h§2)=f 2)g(2)+ f(2)g @)=- 1.5(4y 6(3F 1

3. a. i. In 2007 there were 75,000 households in the city.
ii. In 2007 the number of households was declinirayrate of 1200 per year.
iii. In 2007, 52% of households owned a computer.

iv. In 2007 the percentage of households with a coenpuas increasing by 5 percentage
points per year.

b. Input: the number of years since 1995
Output: the number of households with computers

c. N(2) =h(2)c(2) = (75,000)(0.52) = 39,000 households with cotap
N(2) =h(2) a2 + N2 a(2 = (-1200)(0.52) + (75,000)(0.05)
= 3126 households per year

In 2007 there were 39,000 households with compuéerds that number was increasing at a
rate of 3126 households per year.
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5.

2.6
i S(10) = 15+
a.i. S(10 10+1

s¢¥ =315+ 2qx+ 37 =0+ 26D+ 2L (x+ 9
dx dx

» $1524

(x+1?
—2.6 —$0.0zper week
(10+ 1Y

After 10 weeks, 1 share is worth $15.24, and tdeeris declining by $0.02 per
week.

dollars per week

S¢10)=

ii. N(10)=100+ 0.25(1® ¥ 12shares

N&x) =%((100+ 0.25¢ )= 0.Xshares per week afteweeks

N&10)= 0.5(10)= ‘shares per week

After 10 weeks, the investor owns 125 shares atdiying 5 shares per week.
iii. V(10) =(10)N(10) » (15.24)(125)» $1904.55

V10)» S ¢LO)N(10}+ S(1O)N €10

» (-0.02)(125) + (15.24)(5» $73.50 per week
After 10 weeks, the investor’s stock is worth apgmately $1905, and the value is
increasing at a rate of $73.50 per week.

b. V&) =SE3 N ¥+ & x N

_ 26 (100+ 0.253 )+ 15& (0.5 )
(x+1)? x+1
2
- 065+ 260 1.2 +7.5 dollars per week aftar wee
(X+1)2 x+1

7. LetA(t) be the number of acres of corn andB@) be the number of bushels of corn per acre,

wheret is the number of years from the current year. {bte number of bushels of corn
produced is given bg(t) = A(t)B(t), whereA(0) = 500 acresA§0) = 50acres per year,
B(0) = 130 bushels per acre, aB&0) = 5bushels per acre per year. The rate of change is:
C&0)= A0)B(0)+ A0)B (©)
= (50 acres/year)(130 busheaiséa + (500 acres)(5 bushels/acrely:
= 9000 bushels per year

(17,000)(0.48) = 8160 voters
(8160)(0.57)> 4651 votes for candidate A

Letv(t) be the proportion of registered voters who ptawudte, and lea(t) be the
proportion who support candidate A, whers the number of weeks from today and both
guantities are expressed as decimals. Then theetushbotes for candidate A is given by

°© T o
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11.

13.

15.

17.

Chapter 3: Determining Change: Derivatives Calculus Concepts

N(t) = 17,00@(t)a(t), wherev(0) = 0.48,a(0) = 0.57,v§0) = 0.07and a§0) = —0.023.
The rate of change ¥ is:

tht)=%[17,ooo/(t)a(t)]= 17’0093? U € )E 17,0008 (R () v ¢ RCH

Whent = 0,
N0)=17,000[(0.07)(0.57) (0.48)(-0.03)] 4834tes for candidate A per we

f¢x) = %(In x) & +(n »%(é‘
=1ex+(ln X) &
X

:‘3—X+(|nx)eX
X

f§x) = %((3% +15x+7) (32¢ + 49)+ (3¢ + 15+ 7&% (BX + 4

= (6x +15)(32C + 49y (3 + 1%+ 7)(9F )
=480x* + 19204 + 67%% + 294+ 735

fgx) = 3—)((12.&8 + 3.7+ 1.2) [29(17 )+(12.8¢ + 37K+ 1-29(%( [29017

= (25.6x+ 3.7)[29(1.7 )+(12.8¢ + 3.7+ 1.2)[29(In1.7)(17

Note thaff(x) = g(x)h(x), whereg(X) = (5.7x> + 3.5x+ 2.9 anch(x)=(3.8%¢ + 5.2x+ 7).
g&x) =3(5.7¢ + 3.5+ 2.93%( (5.3 + 3.5+ 2.
=3(57x% + 35+ 29%(114&+ 35
hgx) =—2(3.8¢ + 5.2+ 773% (3.8 + 5.+ 1
=-2(38°%+ 5%+ P (76+ 52

f)=g(xR+ d 3 h( X
=[3(5.7x% + 3.5¢+ 2.9 (11.4+ 3.5)](3€ + 52+ 73
+(5.7x% + 3.5¢+ 2.9 [-2(3.8° + 5.2+ 7} (7%+ 5.c
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19. f¢x) =%([12.6(4.8‘ )6<2)]
—126% [(4.8 ) 2)]
dx
—126 4 (4.8 )x?+ (4.8 )d—x_z
dx dx

=126 (In4.8)(4.8 X2 » (4.8 )22 )

In4.8 2

=12.6(4.8 —
( )X2 2

12.6(4.8
=T(3)E( (IN4.8) -2

21. Note thatf(x) = g(x)h(x), whereg(x) = 7%,
h(x) =198(1+ 7.6&°8% y1+ 1t and g€x) =79

Using the formula for the derivative of a logistiinction, we know that

- Bx
h¢ x) =Le|32 whereL = 198,A = 7.68, and3 = 0.85
1+ Ae BX)
198(7.68)(0.8570-8%
Thus htx) = 28(7-68)(0.89

(1+7.68708% )2

fEx)=g®Ih( Y+ d ¥ Hex
198 198(7.68)(0.88) -8
7o g ) 10005

1+7.68 08
—0.85
15,642 . 1qc, 102,110.9%6

T1+7.68708% 7 (1+ 7.68708%

23. Note thatf(x) = g(x)h(x), whereg(x) =430(0.6Z ) andh X ¥ 6.42 3.3(1.&6-)1.
g&x) =43QIn 069( 062)
-3.3(In1.46)(1.48 )

h€x)=- 6.42+ 3.3(L48 )~ 3.3(n1.46)(L.46=) .
6.42+ 3.3(1.48 )

fx) =g HR+ d ¥ h( X

=43QIn 063( 06%) 1

6.42+33 146&)

- 33(In146(148)

+430(062°) 5
6.42+33 146&)
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25. 1) = Lax Vaxs 2+ axd (ax+ 2f +-9 o
dx dx dx

= 43X+ 2+ 4x % (3+ 2)'2 (3) + 0

6X
=43+ 2+
\3x+2
27. Note thatf (x) = g(X) h ¥ whereg & = x andhis a logistic function with. = 14,
: Bx
A=12.6, and = 0.73 and derivative of the foriuf x) :LeBz:

(1+ Ae ™)

128.772 O™

h¢x) = 5
(1+12.6°07%)
14 128.77& O

fE)=g®R R+ d 3 (e=(1)

1+12.6 07 HOx .07\ 2
: (1+12.€e : )

_ 14 128.77xe %7
1+12.67 %7 (1+12_@-0.73<)2

29. a. E(x)=o'73(1'120%12 Y ?-0.026)(2- 3.842 538.86¢women received

epidural pain relief during childbirth at an 2oha hospital between 1981 and 1997,

years after 1980.

E((x)=0'73(1'120%12 ¥ 8 0052 3.842)
)

0.73(In1.2912)(1.2912
100

(- 0.026¢>- 3.84% 538.86/women per year is the rate of

change in the number of women who received epichai relief during childbirth at an

Arizona hospital between 1981 and 199years after 1980.
b. Increasing byp§17)» 14.4percentage points per year

c. Decreasing by approximately 5 births per yda(17) » - 47)
d. Increasing byE§17)» 64women per year.

e. Profit = $57xE (17) » $17,04 (using a value of 299 for the number of births)
or $17,071 (using an unrounded number of births)
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31. a. Multiply the number of CDs6250(0.9286 , by the pricex.

R(X) » 6250x(0.9286 dollars is the monthly revenue from CD sales witengrice of a
CD isx dollars.

b. The profit for each CD iz — 7.5 dollars. Multiply the number of CD6250(0.9286 , by
the per-CD profitx — 7.5.

P(X) =6250(0.9286) k — 7.Edollars is the monthly profit from CD sales whee firice
of a CD isx dollars.

c. RgX)= 6250(%[x( 0928p"]

=6250 ix (0.9286>)+xi (0.9286)
dx dx

- 625(%( 1(09288) +x(In 09286 .0 92%]

=6250 09286)( ¥ xIn 09286dollars of revenue per dollar of price is the rafte
change in the monthly revenue from CD sales wherptlte of a CD ix dollars.

P&x) = 6250(%[( 0928p*(x— 7§

d C
&0.9286 X -7.5 (O.92§6%( X( —7.E

=625((In 0928F 09286)(x— .7)5 ( .09286( )]1

=625 09285*[ (x— 7R&In 0929 dollars of profit per dollar of price is the
rate of change in the monthly revenue from CD sadesn the price of a CD isdollars.

=6250

d. Evaluate the expressions i€ X) and P §x)to complete the table.

Price Rate of change of revenue Rate of change of profit
(dollars of revenue (dollars of profit per
per dollar of price) dollar of price)

$13 88.27 1413.83

$14 -82.15 1148.76

$20 —684.05 105.17

$21 —732.93 —-0.06

$22 —771.34 -90.79

e. Becaus®¢13)> 0 andR%14¥ { the highest revenue will be achieved with a price
between $13 and $14.

f. Becaus®¢x) >0 for 13£ x£ 20,P§21)» 0, and® ¢(2%¥ , the price corresponding to the
maximum profit is approximately $21.
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33.
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a. C(x)=71.459(1.050 dollars is the cost to produgeunits in an hour, 18 x £ 90.

b. C&x)=71.459(In1.050)(1.030 dollars per unit produced is the rate of changefcost

to producex units in an hour, 18 x £ 90.
C(X

X
whenx units are produced each hour,£1Q £ 90.

=714591058)(x) dollars per unit is the average cost to produeeLonit

d. ALX) =%[7145€( 1058)(x )]

= 71459(%[( 1058)(x )]

a
dx

=71.459 (In1.050)(1.050 X(* 4 (1.0%0 W=2

=71.459 = 1.058 X% (1.05’07%( xto

=714591050)

INL050 1 , _ _
. ? dollars per unit per hourly unit produced is thee raf

change in the average cost to produce onenln@hx units are produced, ¥0x £ 90.
e. 15 units: A§15)» —$0.1¢ per unit per hourly unit produced

35 units: A§35)» $0.2: per unit per hourly unit produced
85 units: A€85)» $1.97 per unit per hourly unit produced

Yes, the average cost is decreasing
whenAgx) <0, for an hourly

production of between 0 and 20
units.

g. The graph ofA¢crosses th&-axis neax = 20.5. Practically speaking, the average cost is
decreasing at 20 units and increasing at 21 wutg, production level of 21 units is the
one at which average cost first increases.

35. a. t(x)= -0.025¢+ 2.09%+ 58.82million gives the number of households with TVghe

U.S. between 1970 and 200years after 1970.

0.815
V(X) = ' '
b. V(X 1+ 31 239,748 061% percent (expressed as a decimal) gives the pageof

U.S. households with TVs that also have VCRs betvi€ 0 and 200X years after
1970.

0.815
n(x) = t =(-0.025¢+ 2.09%+ 58.821)
c. N =Y =( T+ 31,239.74870-61&

owned TVs with VCR« years after 1970, D x £ 32.

million households
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d. tEx) :i(-o.025x2+ 2.09%+ 58.821)
dx
=-0.05+ 2.099 million households per yearears after 197

Note thaw is a logistic function with. = 0.815A = 31,239.748, anB = 0.618 and

LABe B*
1+ A€ Bx)2 )
15)(31,239.748)(0.618)"81&
(1+31,239.74870-61& ¥

,_ 15 658.148 061
(1+31,239.74870-61& §

n(t) =t + (X w( ¥

=(-0.050+ 2.099

derivative of the formv§x) =

v = 08

0.815
1+ 31,239.7480-61%

15,658.14870-61&
1+31,239.7487061% ¥

i 2
+( 0.0253+ 2.09%+ 58.8@1(

71

million households per year is the rate of cleaimgthe number of households with TVs

and VCRsx years after 1970, Dx £ 32.

e. 1980:n%10)» 0.6million households per year
1985: n¢15) » 8.4million households per year
1990: n€20)» 5.5 million households per year

37. a. E(X)=-151.516¢+ 2060.98%- 8819.062 195,291.students is the enrollment in
ninth through twelfth grades in South Carolina bedw 1980-81 and 1989-90, whetris

the number of years since the 1980-91 school year.

D(x) =-14.272C+ 213.88%%- 1393.656 11,697.: students dropping out from ninth

through twelfth grades in South Carolina betweeB0181 and 1989-90, whexds the

number of years since the 1980-91 school year.

b. P(x)=%

©00% is the percent of students dropping out frommthtough twelfth

grades in South Carolina between 1980-81 and 198949erex is the number of years

since the 1980-81 school year.
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c. Dx)=-42.813C+ 427.76% 1393.6% E¢x)=-454.548¢+ 4121.97% 8819.0
Write P(X) =100D (X)[E(X] *.
P60 =100 DOOLE(ST )
X

=100 i
dx

=100D%X )[E(x)] * +100D (x)¢ D[E(x)] * E€R

_100D%x) i 10M & XE &)

~E( [E(%]

B 100( 42.818°+ 427.768 1393.655) i

. 151.5163+ 2060.98€- 8819.082 195,291.201

D(x) [E(XT*? +100D(x)%( [E(X] !

100¢ 14.27%3+ 213.882- 1393.6%5 11,697.292)( .BB&»& 4121.97& 8819.06.
(-151.516C+ 2060.988- 8819.082 195,291.201)

percentage points per year is the rate of chamtie percent of students dropping out
from ninth through twelfth grades in South Carolbeween 1980-81 and 1989-90, where

x is the number of years since the 1980-81 schawl ye

d. P®x) P®x)
X : X :
(percentage point (percentage point

per year) per year)

0 -0.44 5 -0.19

1 -0.38 6 -0.19

2 -0.32 7 -0.22

3 —-0.26 8 -0.29

4 -0.21 9 -0.41

In the 1980-81 school year, the rate of chamnge wost negative with a value of —-0.44
percentage point per year. This is the most rapdlite during this time period. The rate

of change was least negative in the 1985-86 sofezolwith a value of —0.187 percentage

point per year.

e. Negative rates of change indicate that the nurabdropouts in South Carolina was
falling during the 1980s. This means that moreestis were staying in school.

39. One possible answerif-or a function constructed by multiplying two atlienctions, the input
is the same as the common input of the two othestions.
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Section 3.6 Limiting Behavior Revisited:L'Hdpital's Rule

1. Ii&2x3- 3= 2(2) 3= 7using direct substitution
3. Iig})ex- In(x 1)= €- In(l= * & 1using direct substitution

5. liminx=-¥ solimizizo
x® 0 x®0 |NX -¥

7. I|mInn 0 andllmn 1= 0. Thereforellmln—n1 is of the indeterminate forngr

Applying L'Hopital’'s Rule: I|m —Ilm %‘ -Ilm }/ =1
n_
9. |I(I;)an -1=0 andllmx 1= 0. Thereforellm X3 ! is of the indeterminate forng}.
X X -
Applying L’Hopital's Rule: I|m "L jim ax —lim 2x =2 |

1x°-1 »13x° ®13 3
11. lim+/tInt is of the indeterminate forrx -¥. Applying L'Hopital’'s Rule:

t® 0"

ot
fim Vet =lim 1t =fim M im 22 - t2=-2(0)= 0.

t® 0* t®ot% ®o*_1t-% ® o t @ o

2
13. Ii(gy x?e * is of the indeterminate forr¥ x0. Applying L'Hopital’s Rule:
2
iim x2e * =lim 2 =lim 2% =lim 2 =0 .
x®¥ ¥ @ & & ex ¢
3x-6_3(2 6

15. lim
x®2 X +2 2+2

=0 using direct substitution

17. lim+v/x-1- 2 0 andllmx - 25= 0. Thereforellm—“l-2

x®5 x®5 ¥2 - 25

0 Q(X' 1 1 1 1
—. Applying L’'Hopital’'s Rule: lim =lim
0 ®5 2 %S axdx- 1 4(5)/5 1 40°

19. lim2x*- 5x+ 2= 0 andllm5x - 7% & 0. Thereforellm22—5X2 is of the
x® 2 x®285x° - 7Ix 6
indeterminate foer Applying L'Hopital’s Rule: I|m 2x° - 5x 2:Iim 4 5__3
0 25x°- 7% 6 ®210x 7 1°
. L . 2
21. I)!gg(?;x) E —I)q@nz)(?;x) ﬂgno = =3(0) XE 8
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23.

25.

27.

29.

Chapter 3: Determining Change: Derivatives Calculus Concepts

lim (.6*) =0 andlim (In x) =¥ solim (.6*)(Inx) is of the indeterminate forx¥.
X®¥ X®¥ X®¥

o . . . Inx _, %( L ‘(-GX)_
Applying L'Hopital’s Rule: lim (.6 )(In X) = I&n? =lim (In.6)(.6x)(- ] =lim (g 0.
2
lim3x*+2x+4=¥ andlim5x®+ x+1=¥. Therefore,limw1r is of the
X®¥ X®¥ x®¥ By + x+1

indeterminate form:é. Applying L'Hopital’'s Rule:

3P+ 2x+4 . 6x+2 . 6 _ ¢
lim —; =lim =lim — =—.
x®¥ By +x+1 o 10x+1 & 10 FE

4
3X is of the indeterminate fornf—.
5x°+6 ¥

lim3x* =¥ andlim5x*+6 =¥ . Therefore/im
X®¥ X®¥ X®¥

o o3t 12 4
Applying L'Hopital’'s Rule: le(gg T Ig;n 157 —(IB]%m —5x =¥,

One possible answeiConsider the cas%. We know that 1)higgE =0 for any non-zero real
c

number and Z)J&% is increasing (or decreasing) without bound for maon-zero real
number. If we apply these two statements repeateith ¢ approaching 0, we end with an

apparent contradiction. Similar arguments cangdpdied foré and0x ¥,

Chapter 3 Concept Review

1.

a. x 0.8

b. positive slope: 0.8 x< 2
negative slope: -3x<0,0<x<0.8

c. x=0
d. f(-2) -4,f(1) 1.1, See Answer Key page A-31 in Text for figure.

e. See Answer Key page A-31 in Text for figure.

. a. Note thatD is a logistic function with. = 8.101 A = 214.8, and = 0.797 and derivative

LABe B! 8101(2148)(0.797)e %"

of the formD'(t) =
@+ Ae B2 1+ 2148 07°%)2

pounds per person per year

t years after 1980

b. D%10)» 0.4pound per person per year

In 1990 the average annual per capita consumpfiturkey in the United States was
increasing by 0.4 pound per person per year.

c. D'(2) » 0.00007pound per person per year. There was essentiallyowth in the per
capita consumption of turkey in 2001.
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6890- 4865

—————=506.3billion per year
200(- 199¢

c. A'(L8 » $4964billion per year

4. a. RewriteP(t) asP(t) =100N (t)[At)] *.
Use the Product Rule to find the derivative.

d i
PEY) =100 (N AT ')

: d 1 d 1
=100 aN(t) [A®)] +N(t)a[ﬁ(DI

=100{ NOOIA®T * + N()(- DLAD] 2 AgY)

_100N¢t) 10N ()A%)
A1) [A()]

b. Input units: years
Output units: percentage points per year
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percentage points per ydarears after 1980
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