Chapter 8 Dynamics of Change: Differential

Equations and Proportionality

@8.3 Numerically Estimating by Using Differential

8.3.1

80

Equations: Euler’s Method

Many of the differential equations we encountereéhaelutions that can be found by determin-
ing an antiderivative of a given rate-of-changection. Thus, many of the techniques that we
learned using numerical integration apply to tihiapter. (See Chapters 6 and 7 of Gisde)

EULER’'S METHOD FOR A DIFFERENTIAL EQUATION WITH ONE INPUT
VARIABLE You may encounter a differential equation that caitre solved by standard
methods and you may need to draw an accumulatephdior a differential equation without
first finding an antiderivative. In either of tleesases, numerically estimating a solution using
Euler's method is helpful. This method relies be tise of the derivative of a function to
approximate the change in that function. Recalt the approximate changefiat a point is

the rate of change dfat that point times a small changexinThat is,

f(x + h) — f(x) = f ’(X)-h whereh represents the small changein

Now, if we letb = x + h andx = a, the above expression becomes
f(b) —f(@) =f'(a)-(b—g or f(b)=f(a) + (b —3af'(a)

The starting values for the coordinates of the fp@nb) will be given to you and are often
called theinitial condition. The next step is to repeatedly apply the forngidan above to use
the slope of the tangent linexat a to approximate the change in the function betwhen
inputsa andb. Whenh, the distance betweenandb, is fairly small, Euler's method will often
give close numerical estimates of points on thatiwi to the differential equation containihg

().

WARNING: Be wary of the fact that there is some error ived in each step of the Euler
approximation process that is compounded when esstht is used to obtain the next result.

We illustrate Euler's method for a differential edjon containing one input variable with
the differential equation in Example 1 of Sectio®.8This equation gives the rate of change of
the total sales of a computer produgears after the product was introduced:

dS__ 6544
dt In(t+12)

Because Euler’'s method involves a repetitive pracaprogram that performs the calculations
used to find the approximate change in the funatem save you time and eliminate
computational errors and some error in rounding.
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Create a table with the column labels EZ | = | =C2+{B2-A2)°D2
shown. A | B ] € | B ] E ]

Enter the initial value foa in cell A2. 1| a | as+h fia) fia) &l

Use theEdit: Fill: Series command with | |2 1.00 | 1.25 = 53200 | 8.300 | 55274341

Step value 0.25” andStop valuea” to | | 3| 1.25 150 5527494 7.303 67.10065
4

create the remaining terms in the column| 4 | 1.50 175 57100685 B.588 @ 58.74777

_ , 51| 175 200 5874777 6.049 6026005
Enter “=A2+0.25"in cell B2. Duplicate | | 5 | 200 225 ED.26005 5626  B1.56ESE

&
the formula in cell B2 for cells B3 7| 225 250 G1GEESE | 5284 | 6299766
through B14. 950 275 E29E7EE 5002 6423511

Enter the initial outputi(a), in cell C2. In | | 275 | 300 B4.23811 4764 | B5.42904
this casef(1) = 53.2. 0] 3.00  3.26 B542504 4560 | BE.SES04

Enter the derivative function in cell D2 | || 325 | 3.50 | B6.56904 4.383 | 67.6649
, ||A2IV t“rg 'u t'D' licate th 121 350 | 375 | 67.6649 | 4.229 | 68.72204
using ce as the input. DUplicate IN& 14a7 575 400 6572204 4092 6974493

g{T“'a'” cell D2 for cells D3 through | Fegl 40y 425 974493 3969 | 7073725
' 15| 425 450 7073725 3859 717021

Enter “=C2+(B2-A2)*D2" in cell E2. 16| 450 475 717021 3760 7264207

This is the estimate 6fa +h). Duplicate | [471 475 500 7264207 3669 | 7355943

the formula in cell E2 for cells E3 throug 18| 500 575 7355943 3587 7445509

E14. —

-

Enter “=E2” in cell C3 and copy the formula in c€B to cells C4 through C14. If you like,
you may plot the points to visualize the estimdtthe differential equation solution.

8.3.2 EULER’'S METHOD FOR A DIFFERENTIAL EQUATION WITH TWO INPUT
VARIABLES Euler's Method can be used when the differentialaign is a function ok
andy withy = f(x). Follow the same process illustrated in theviotes section of thiSuide

The differential equation may be given in termy ohly. For instance, iﬂ—x =Kk(30 -y)

wherek is a constant, enter the function substitutingimeric value fork.
We illustrate using Euler’s method with two inpairaables by using the equation in
Example 2 of Section 8.3 f@alculus Concepts

dy 02 .v-j =! =5.9%A0.3.2*C2
We have& =59x-3.2%. i A | B | Cc | D | E

a a+h fia) f'ia fia+h)
In cell D2, enter “5.9*A2-3.2*C2", the 1000 1020 soooo N-107.000 79 5

dy

formulaford—.Copythisformulato 1020 1040 298 | -35.180 | 22764
X

1040 1060 22764 | -11.485 2046704
1060 10.80 2046704 2.955  19.87613
11.00 1987613 0116  19.89941
1100 11.20 19.89941 1222 | 20.14379
1120 11.40 2014379 1620 | 2046776
11,40 11.60 2046776 1.763 | 20.82039
Update column B as shown. | I4q 1160 1180 20.82039 1815  21.18334
The estimate foy(12) is 21.55. 11(11.80 1200 21.18334 1.833 21.65
12]12.00 1220 2155 | 1840 | 21918

cells D3 through D12.

Edit column A to include data points
beginning at 10 and ending at 12 with
values spaced 0.2 units apart.
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