
Name______________________________________________ 

Chapter 8 Matrices and Determinants 
 
Section 8.1 Matrices and Systems of Equations 
 
Objective: In this lesson you learned how to use matrices, Gaussian 

elimination, and Gauss-Jordan elimination to solve systems 
of linear equations. 
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I
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Important Vocabulary  Define each term or concept. 
 
Entry of a matrix  One of the real numbers that makes up a matrix.
 
Order of a matrix  Indicates the number of rows and columns of a matrix. A matrix 
having m rows and n columns is said to be of order m × n.
Square matrix  A matrix in which the number of rows and the number of columns is 
equal.
Main diagonal  For a square matrix, all entries, a , in which i = j.ij
 
Row matrix  A matrix that has only one row.
 
Column matrix  A matrix that has only one column.
 
Elementary row operations  A set of operations that can be performed on an 
augmented matrix of a given system of linear equations that produce a new augmented 
matrix corresponding to a new (but equivalent) system of linear equations.
Gauss-Jordan elimination  The process of reducing a matrix to reduced row-echelon 
form.
What you should learn 
How to write matrices 
and identify their orders 

.  Matrices  (Pages 572−573) 

f m and n are positive integers, an m × n matrix is . . .                         

n m × n matrix has           m          rows and          n           

olumns. 

n augmented matrix is . . .          a matrix derived from a 

ystem of linear equations, each written in standard form with 

he constant term on the right side.
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142        Chapter 8      •      Matrices and Determinants 

A coefficient matrix is . . .          a matrix derived from the 

coefficients of a system of linear equations (but not including the 

constant terms).

 
Example 1: Consider the following system of equations. 

  
⎪
⎩

⎪
⎨

⎧

=+
=+−
=−+

123
923
52

yx
zyx
zyx

(a) Write the augmented matrix for this system. 
(b) What is the order of the augmented matrix? 
(c) Write the coefficient matrix for this system. 
(d) What is the order of the coefficient matrix? 

 
 
 
 
 
 

What you should learn 
How to perform 
elementary row 
operations on matrices 

II.  Elementary Row Operations  (Pages 574−576) 
 
The elementary row operations on a matrix are: 
 
 
 
 
 
 
 
Two matrices are row-equivalent if . . .          one can be 

obtained from the other by a sequence of elementary row 

operations.

 
A matrix in row-echelon form has the following three 
properties: 
1. All rows consisting entirely of zeros occur at the bottom of 

the matrix. 

2. For each row that does not consist entirely of zeros, the first 

nonzero entry is 1 (called a leading 1). 

3. For two successive (nonzero) rows, the leading 1 in the 

higher row is farther to the left than the leading 1 in the 

lower row. 
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Section 8.1      •      Matrices and Systems of Equations        143 

A matrix in row-echelon form is in reduced row-echelon form 

if . . .          every column that has a leading 1 has zeros in every 

position above and below its leading 1.

 
 
III.  Gaussian Elimination with Back-Substitution What you should learn 

How to use matrices and 
Gaussian elimination to 
solve systems of linear 
equations 

       (Pages 577−578) 
 
To solve a system of linear equations using Gaussian 

Elimination with Back-Substitution, . . . 

 

 

 

 

 

 

 
If, during the elimination process, you obtain a row with zeros 

except for the last entry, you can conclude that the system has  

          no solution          . 

 
Example 2: Solve the following system using Gaussian 

Elimination with Back-Substitution. 

  
⎪
⎩

⎪
⎨

⎧

−=+−
=++
=++

1153
132
1

zyx
zyx
zyx

 
 The solution is x = 0, y = 2, and z = − 1.
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144        Chapter 8      •      Matrices and Determinants 

What you should learn 
How to use matrices and 
Gauss-Jordan elimination 
to solve systems of linear 
equations 

IV.  Gauss-Jordan Elimination  (Pages 579−581) 
 
Example 3: Apply Gauss-Jordan elimination to the following 

matrix to obtain the unique reduced row-echelon 
form of the matrix. 

 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

−
−

2100
3110
5241

 

 
 ⎡ 1   0   0   :      5⎤
 ⎢ 0   1   0   :      1⎮
 ⎣ 0   0   1   :   − 2⎦
 
 
 
 
 
 
 
Example 4: Solve the following system using Gauss-Jordan 

elimination. 

  
⎪
⎩

⎪
⎨

⎧

=−+−
−=−+

=+−

1332
642

132

zyx
zyx
zyx

 
 The solution is x = − 2, y = 4, and z = 3.
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Homework Assignment 
 
Page(s) 
 
Exercises 
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Name______________________________________________ 

Section 8.2 Operations with Matrices 
 
Objective: In this lesson you learned how to add and subtract matrices, 

multiply matrices by scalars, and multiply two matrices. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
I
 
N
 
1
 
2
 
3
 
 
T

 

 
 
I
 
 
T

a

 
 
T

a

 
 
 

L
C

Important Vocabulary  Define each term or concept. 
 
Scalars  aaaa aaaaaaa aaaa aa aaaaaaaaaa aaaa aaaaaaaaa
 
Scalar multiple  aa a a aa a aa aa a a a aaaaaa aaa a aa a aaaaaaa aaa aaaaaa 
aaaaaaaa aa a aa a aa aaa a a a aaaaaa aaaaa aa aa a aaa aa

aa

aa
Zero matrix  a aaaaaa aaaaaaaaaa aaaaaaaa aa aaaaaa
 
Matrix multiplication  aa a a aa a aa aa a a a aaaaaa aaa a a aa a aa aa a a a 
aaaaaaa aaa aaaaaaa aa aa aa a a a aaaaaa aa a aa a aaaaa a  a a a  a a a  a a a  
a a a a a a a a

aa aa

aa aa aa aa aa aa aa aa

aa aa
Identity matrix of order n  aaa a a a aaaaaa aaaa aaaaaaaa aa aaa aa aaa aaaa 
aaaaaaaa aaa aaa aaaaaaaaaa
.  Equality of Matrices  (Page 587) What you should learn 
How to decide whether 
two matrices are equal ame three ways that a matrix may be represented. 

)  aa aa aaaaaaaaa aaaaaaa aaaa aa aa aa aa a

)  aa a aaaaaaaaaaaaaa aaaaaaa aaaaaaaa aa aaaaaaaaa aaaa aa 

)  aa a aaaaaaaaaaa aaaaa aa aaaaaaaa

wo matrices are equal if they have the same order and  

               aaaaa aaaaaaaaaaaaa aaaaaaa                a are equal. 

I.  Matrix Addition and Scalar Multiplication 
What you should learn 
How to add and subtract 
matrices and multiply 
matrices by scalars 

     (Pages 588−591) 

o add two matrices of the same order, . . .     aaa aaaaa 

aaaaaaaaaaaa aaaaaaaa

o multiply a matrix A by a scalar c, . . .          aaaaaaaa aaaa 

aaaa aa a aa aa
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146        Chapter 8      •      Matrices and Determinants 

Example 1: Let  and .  ⎥⎦
⎤

⎢⎣
⎡
−

= 13
52A ⎥⎦

⎤
⎢⎣
⎡

−
−= 52

41B

 Find (a)  A + B and (b) − 2B 
 aaaaaaaa
aa    a      a aaa    a   a a a
aa a a   a a a aa a a    aa a
 
 
Let A, B, and C be m × n matrices and let c and d be scalars. 
Give an example of each of the following properties of matrix 
addition and scalar multiplication: 
 
1)  Commutative Property of Matrix Addition:                  a a a a a a a              a

2)  Associative Property of Matrix Addition:             a a aa a aa a aa a aa a a   a

3)  Associative Property of Scalar Multiplication:                aaaa a aaaaa            a

4)  Scalar Identity Property:                               aa a a                         a

5)  Distributive Property (two forms):                      aaa a aa a aa a aa                 a

                                  aa a aaa a aa a aa                 a

 
If A is an m × n matrix and O is the m × n zero matrix consisting 

entirely of zeros, then A + O =            a                a. 

 
The additive identity for the set of all m × n matrices is the m × n 

matrix         a aaaa aaaa aaaaaaa              . 

 
 
III.  Matrix Multiplication  (Pages 592−594) 
 
When multiplying an m × n matrix A by an n × p matrix B, to 

obtain the entry in the ith row and jth column of AB, . . . 

aaaaaaaa aaa aaaaaaa aa aaa aaa aaa aa a aa aaa aaaaaaaaaaaaa 

aaaaaaa aa aaa aaa aaaaaa aa a aaa aaaa aaa aaa aaaaaaa. 

 
Example 2: If A is a 3 × 5 matrix and B is a 6 × 3 matrix, find 

the order, if possible, of the product (a) AB, and 
(b) BA. 

 
 aaa  aaa aaaaaaaa         aaa  a a a
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Name______________________________________________ 

Example 3: Find the product AB, if 

      and      ⎥⎦
⎤

⎢⎣
⎡

−
−= 360

712A
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
−=

3
2
0

B

 
aaa a aa    aa a
aaaa a aaa 
 
 
List four properties of Matrix Multiplication: 
 
aaa aa aa aaa a aa aaaaaaaa aaa aaa a aa a aaaaaaa
aa  aaaaa a aaaaa
aa  aaa a aa a aa a aa
aa  aa a aaa a aa a aa
aa  aaaaa a aaaaa a aaaaa
 
 
If A is an n × n matrix, the identity matrix I of order n has the 

property that          aa a a           and           aa a a          . 

 
 

What you should learn 
How to use matrix 
operations to model and 
solve real-life problems 

IV.  Applications of Matrix Operations  (Pages 595−596) 
 
Matrix multiplication can be used to represent a system of linear 

equations. The system 

  
⎪
⎩

⎪
⎨

⎧

=++
=++

=++

3333232131

2323222121

1313212111

bxaxaxa
bxaxaxa
bxaxaxa

can be written as the matrix equation                 aa a a             , 

where A is the coefficient matrix of the system and X and B are 

column matrices. 
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148        Chapter 8      •      Matrices and Determinants 

Example 4: Consider the following system of linear equations. 

  
⎪
⎩

⎪
⎨

⎧

=++−
−=−

−=+−

224
13
1132

321

31

321

xxx
xx
xxx

 Write this system as a matrix equation AX = B, and 
then use Gauss-Jordan elimination on the 
augmented matrix [A : B] to solve for the matrix X. 

 
aaaa a aa
aa a aa    a a
aaaa a aa
 
 
 
Additional notes 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Homework Assignment 
 
Page(s) 
 
Exercises 
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Name______________________________________________ 

Section 8.3 The Inverse of a Square Matrix 
 
Objective: In this lesson you learned how to find the inverses of 

matrices and use inverse matrices to solve systems of linear 
equations. 

 
 
 
 
 
 
 
 
I
 
T

a

 
 
I
 
I

n

 
T

s

i

 
T

a

a

a

a

a

a

a

E

 
 
 

L
C

Important Vocabulary  Define each term or concept. 
 
Inverse of a matrix  aaa a aa aa a a a aaaaaa aaa aaa a  aa aaa a a a aaaaaaaa aaaaaaa 
aa aaaaa aaaaaa a aaaaaa a  aaaa aaaa aa  a a  a a a aaaa a aa aaaaaa aaa aaaaaaa aa 
aa

a
aa aa

a
aa aa
.  The Inverse of a Matrix  (Page 602) What you should learn 
How to verify that two 
matrices are inverses of 
each other 

o verify that a matrix B is the inverse of the matrix A, . . .     

aaa aaaa aa a a a aaa

I.  Finding Inverse Matrices  (Pages 603−605) What you should learn 
How to use Gauss-Jordan 
elimination to find the 
inverses of matrices 

f a matrix A has an inverse, A is called          aaaaaaaaaa          or 

onsingular. Otherwise, A is called          aaaaaaaa          . 

o have an inverse, a matrix must be          aaaaaa          . Not all 

quare matrices have inverses. However, if a matrix does have an 

nverse, that inverse is           aaaaaa          . 

o find the inverse of a square matrix A of order n, . . .         

aaaa aaa a a aa aaaaaa aaaa aaaaaaaa aa aaa aaaaa aaaaaa a aa 

aa aaaa aaa aaa a a a aaaaaaaa aaaaaa a aa aaa aaaaa aa aaaaaa 

a a aaa aaaaa aa aaaaaaaaa aaa aaaaaa a aa a aaaaa aaaaaaaaaa 

aa aaaaaaaaaa aa aaa aaaaaa aaaaaa aa a aaa aaa aaaaaa aaaa aa 

aa aaaaaa aa a a aa aa aaaa aa aaa aaaaaaaaa aaaa a aa aaa 

aaaaaaaaaa aaaaaaaa aaaaa aaaa aaaa aa aaaaaaaaaaa aa aaa 

aaa                                   aa  a a a a aa

aa

aa aa

xample 1: Find the inverse of the matrix . 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=

632
201
421

A

  a a a      a      a a
a  aaa   a a a   a a      a a
  a aaa   aaa   a aa
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150        Chapter 8      •      Matrices and Determinants 

III.  The Inverse of a 2 × 2 Matrix  (Page 606) 
 

If A is a 2 × 2 matrix given by , then A is invertible if 

and only if 

⎥⎦
⎤

⎢⎣
⎡= dc

baA

          aa a aa a a          . Moreover, if this condition is 

true, the inverse of A is given by: 

 
⎦

⎢
⎢

⎣

⎡
=−1A  

 
a
a

 

aa a aaa 

 
The denominator is called the           aaaaaaaaaaa           of the                

2 × 2 matrix A. 

 

Example 2: Find the inverse of the matrix . ⎥⎦
⎤

⎢⎣
⎡

−−
= 72

93B

 
 a  aaa  a    aaa      a a
   a a aaa   a aa
 
 
IV.  Systems of Linear Equations  (Page 607) 
 
If A is an invertible matrix, the system of linear equations 

represented by AX = B has a unique solution given by  

   _____________      . 

 
Example 3: Use an inverse matrix to solve (if possible) the 

system of linear equations: 

  
⎩
⎨
⎧

=+
=+
15253

416812
yx
yx

 
 aaa aaaaaaaa aa a a aa aaa a a aaa
 
 
 
 

Homework Assignment 
 
Page(s) 
 
Exercises 
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What you should learn 
How to use a formula to 
find the inverses of 2 × 2 
matrices 
aa

⎥
⎥
⎤  a  a 

aaa a    
a

What you should learn 
How to use inverse 
matrices to solve systems 
of linear equations 
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Name______________________________________________ 

Section 8.4 The Determinant of a Square Matrix 
 
Objective: In this lesson you learned how to find minors, cofactors, and 

determinants of square matrices. 
 
 
 
 
 
 
 
 
 
 
 
 
 

Important Vocabulary  Define each term or concept. 
 
Determinant  aa a aa a aaaaaa aaaaaa aaa aaaaa a a a aa aaaaaaaaa aaa aaaaaaaaaaa aa 
a aa aaa aaa aa aaa aaaaaaa aa aaa aaa aaa aaaaaaa aa a aaaaaaaaaa aa aaaaa 
aaaaaaaaaa aaaaaaaaaa aaa aaaaaaaaaaa aa a aaaa aaaaaaa
Minors  aa a aa a aaaaaa aaaaaaa aaa aaaaa a  aa aaa aaaaa a  aa aaa aaaaaaaaaaa aa 
aaa aaaaaa aaaaaaaa aa aaaaaaaa aaa aaa aaa aaa aaa aaaaaa aa aa

aa aa

 
Cofactors  aaa aaaaaaaa a  aa aaa aaaaa a  aa a  a aa aa a aaa aa aa

a a a
aa

 

What you should learn 
How to find the 
determinants of 2 × 2 
matrices 

I.  The Determinant of a 2 × 2 Matrix  (Pages 611−612) 
 

The determinant of the 2 × 2 matrix  is given by ⎥⎦
⎤

⎢⎣
⎡=

22

11
ba
baA

det(A) = |A| =  =         a a  a a  aa a a a
 a    a aa 
a    a a 

a a

a a

 
The determinant of a matrix of order 1 × 1 is defined as . . .      

aaaaaa aaa aaaaa aa aaa aaaaaaa

 

Example 1: Find the determinant of the matrix . ⎥⎦
⎤

⎢⎣
⎡

−
−= 21

34A

 a
 
 
II.  Minors and Cofactors  (Page 613) What you should learn 

How to find minors and 
cofactors of square 
matrices 

 
Complete the sign patterns for cofactors of a 3 × 3 matrix,            
a 4 × 4 matrix, and a 5 × 5 matrix: 
 

Sign Pattern for Cofactors 
3 × 3 matrix          4 × 4 matrix                 5 × 5 matrix 

                       
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

⎢
⎢
⎢
⎡

⎥
⎥
⎥
⎤

⎢
⎢
⎢
⎡ a  a  a  a  aaa  

a  a  a  aaa  a  
a  a  aaa  a  a  
a  aaa  a  a  a  

a
a
a

 
 

Lars
Cop
a  a  
aaa  a  
aaa  a  
⎣ ⎥⎢a

on/Hostetler  Precalc
yright © Houghton M
⎥
⎥
⎥
⎤  a  a  aaa  

  a  aaa  a  
  aaa  a  a  
a 
⎦ ⎥⎦⎢⎣ aa 
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152        Chapter 8      •      Matrices and Determinants 

Example 2: Use the matrix  to find: 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=

320
012
301

A

 (a)  the minor M13, and (b)  the cofactor C21. 
 
 aaa  a                             aaa  a
 
 

What you should learn 
How to find the 
determinants of square 
matrices 

III.  The Determinant of a Square Matrix  (Pages 614−615) 
 
Applying the definition of the determinant of a square matrix to 

find a determinant is called          aaaaaaaaa aa aaaaaaaaa          . 

 
Example 3: Find the determinant of the matrix: 

  
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

−
−

−
=

111
023
401

A

 
 a a
 
 
 
 
Example 4: Describe a strategy for finding the determinant of 

the following matrix, and then find the 
determinant of the matrix. 

  
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

−−
−−

−
−

=

3205
1413
0120
5042

B

 
 aaaaaa aa aaaaaaaaa aa aaa aaaaaa aaa aaaaa aaaa 

aa aaa aaaaaaaaaa aaaa aaa aaaa aaaaaa aaaaa aaaa 
aaaaaaaa aaa aaaaaa aa aaaaaaaaaaaaa

 
 a aaa
 
 
 
 

Homework Assignment 
 
Page(s) 
 
Exercises 
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Name______________________________________________ 

Section 8.5 Applications of Matrices and Determinants 
 
Objective: In this lesson you learned how to use Cramer’s Rule to solve 

systems of linear equations and how to use determinants and 
matrices to model and solve problems. 

 
 

What you should learn 
How to use Cramer’s 
Rule to solve systems of 
linear equations 

I.  Cramer’s Rule  (Pages 619−621) 
 
Cramer’s Rule states that if a system of n linear equations in n 

variables has a coefficient matrix A with a nonzero determinant 

|A|, the solution of the system is 

A
A

x
A

A
x

A
A

x n
n === ,,, 2

2
1

1 …  

where the ith column of Ai is                 aaa aaaaaa aa aaaaaaaaa 

aa aaa aaaaaa aa aaaaaaaaa                                                           . 

 
Cramer’s Rule does not apply if the determinant of the 

coefficient matrix is          aaaa            , in which case the system 

has either no solution or             aaaaaaaaaa aaaa aaaaaaaa           . 

 
Example 1: Use Cramer’s Rule to solve the system of linear 

equations. 

  
⎪
⎩

⎪
⎨

⎧

−=−
=+−−
=++

32
13
62

zy
zyx
zyx

 
 aaa aaaaaaaa aa aaa a aa aaa
 
 
II.  Area of a Triangle  (Page 622) What you should learn 

How to use determinants 
to find the areas of 
triangles 

 
The area of a triangle with vertices (x1, y1), (x2, y2), and (x3, y3) is 

 Area = 
2
1

±  

  a     a     
aaa  a     a   
aaa  a     a   
aa 

a a

a a

a a

where the symbol ± indicates that the appropriate sign should be 
chosen to yield a positive area. 
 
Example 2: Find the area of a triangle whose vertices are                

(− 3, 1), (2, 4), and (5, − 3). 
 
 aa aaaaaa aaaaa
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What you should learn 
How to use a determinant 
to test for collinear points 
and find an equation of a 
line passing through two 
points 

III.  Lines in a Plane  (Pages 623−624) 
 
Three points (x1, y1), (x2, y2), and (x3, y3) are collinear (lie on the 
same line) if and only if 

  = 0. 
  a     a     
aaa  a     a    
aaa  a     a    
aa 

a a

a a

a a

 
Example 3: Determine whether the points (− 2, 4), (0, 3), and 

(8, − 1) are collinear. 
 
 aaaa aaaa aaa aaaaaaaaaa
 
An equation of the line passing through the distinct points                
(x1, y1) and (x2, y2) is given by 

  = 0. 
  a     a     
aaa  a     a    
aaa  a     a    
aaa 

  

a a

a a

 
Example 4: Find an equation of the line passing through the 

points (− 2, 9) and (3, − 1). 
 
 a a a aa a a
 
 

What you should learn 
How to use matrices to 
encode and decode 
messages 

IV.  Cryptography  (Pages 625−627) 
 
A cryptogram is . . .          a aaaaaaa aaaaaaa aaaaaaaaa aa a 

aaaaaa aaaaa

 
To use matrix multiplication to encode and decode messages, . . .          
aaaaa aa aaaaaaaaa a aaaaaa aa aaaa aaaaaa aa aaa aaaaaaaa aaa 
aaaa aaaaaaaaaa aaa aaaaaaa aa aaaaaaa aaa aaaaaaaaaaaa aaaa 
aaaa aaaaaaa aaa aaaaaaaaa aaaa aaaaaa a aaaaaaaa aa aaaaaa a 
aaaaaaaa aaaaaa aa a a a aaaaaaaaaa aaaaaa a aaa aaaaaaaa aaa 
aaaaaaa aaa aaaaaaaa aa a aa aaa aaaaa aa aaaaaa aaaaa aaa 
aaaaaaaaa aa aaaaaaaaaa aaaaaaaa aa aaa aaaaaaa aaaa aaaa aaaa 
aaaaaaaa aaa aaaaa aaa aaaaaaaa aa a  aa aaa aaaaa aa aaaaaaaa 
aaa aaaaa aaa aaaaaaaaa

aa

 
 Homework Assignment 

 
Page(s) 
 
Exercises 
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