A36 Appendix A Review of Fundamental Concepts of Algebra

[\W/ Rational Expressions

What you should learn

+ Find domains of algebraic Domain of an Algebraic Expression

expressions. The set of real numbers for which an algebraic expression is defined is the
+ Simplify rational expressions. domain of the expression. Two algebraic expressions are equivalent if they have
+ Add, subtract, multiply, and the same domain and yield the same values for all numbers in their domain. For
divide rational expressions. instance, (x + 1) + (x + 2) and 2x + 3 are equivalent because

+ Simplify complex fractions and
rewrite difference quotients.

x+D)+x+2)=x+1+x+2

q x+x+1+2
Why you should learn it
Rational expressions can be
used to solve real-life problems.
For instance, in Exercise 84 on FET I Finding the Domain of an Algebraic Expression
page A45, a rational expression
is used to model the projected
number of households banking
and paying bills online from 2x3 +3x + 4
2002 through 2007.

2x + 3.

a. The domain of the polynomial

is the set of all real numbers. In fact, the domain of any polynomial is the set
of all real numbers, unless the domain is specifically restricted.

b. The domain of the radical expression
Vx =2
is the set of real numbers greater than or equal to 2, because the square root
of a negative number is not a real number.
c. The domain of the expression

x+2
x—3

is the set of all real numbers except x = 3, which would result in division by
zero, which is undefined.

Wcueckpon  Now try Exercise 1.

The quotient of two algebraic expressions is a fractional expression.
Moreover, the quotient of two polynomials such as
1 2x — 1 x2—1

s s or 5, 4
X x+1 x2+1

is a rational expression. Recall that a fraction is in simplest form if its numerator
and denominator have no factors in common aside from +1. To write a fraction
in simplest form, divide out common factors.

a*¢ _a

b'L‘_Z’ c#0

The key to success in simplifying rational expressions lies in your ability to
factor polynomials.



STUDY TIP

In Example 2, do not make the
mistake of trying to simplify
further by dividing out terms.

X —x+ 8

3 =x+2

Remember that to simplify
fractions, divide out common
factors, not terms.
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Simplifying Rational Expressions

When simplifying rational expressions, be sure to factor each polynomial
completely before concluding that the numerator and denominator have no
factors in common.

In this text, when a rational expression is written, the domain is usually
not listed with the expression. It is implied that the real numbers that make
the denominator zero are excluded from the expression. Also, when performing
operations with rational expressions, this text follows the convention of listing
by the simplified expression all values of x that must be specifically excluded
from the domain in order to make the domains of the simplified and original
expressions agree.

m Simplifying a Rational Expression

Cox24+4x—-12.
Write ———— in simplest form.
3x — 6
Solution
A4 =12 (x4 6)x—2) et -
3x — 6 3M actor completely.
x+6
= 3 X #F2 Divide out common factors.

Note that the original expression is undefined when x = 2 (because division by
zero is undefined). To make sure that the simplified expression is equivalent to
the original expression, you must restrict the domain of the simplified expression
by excluding the value x = 2.

lcHeckPOINT  Now try Exercise 19.

Sometimes it may be necessary to change the sign of a factor to simplify a
rational expression, as shown in Example 3.

m Simplifying Rational Expressions

12 +x — &2
Write ﬁ in simplest form.
Solution

12+x—x2  (4—x3+x)
22— 9x+4  (2x — D(x — 4)

Factor completely.

_ —b—4C +x) PR
(2x = De—4) x)= -
+
- _23 xl’ x #4 Divide out common factors.
Y —

cHeckPOINT  Now try Exercise 25.
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STUDY TIP

When subtracting rational
expressions, remember to
distribute the negative sign to
all the terms in the quantity that
is being subtracted.

Operations with Rational Expressions

To multiply or divide rational expressions, use the properties of fractions
discussed in Appendix A.l. Recall that to divide fractions, you invert the divisor
and multiply.

SETUERA  Multiplying Rational Expressions
20+ x—6 X -3+ 2 _ 2x—3)x +2) AHx—2)—T)
X2+ 4x -5 42 —6x  (x+5k—1 2X(2x—3)

_k+2)x—2)
2x +5)

x#E0,x# 1,x #3
cHeckPOINT  Now try Exercise 39.

In Example 4 the restrictions x # 0, x # 1, and x # % are listed with the
simplified expression in order to make the two domains agree. Note that the value
x = —5 is excluded from both domains, so it is not necessary to list this value.

m Dividing Rational Expressions

x3—8;x2+2x+4_x3—8 x3+ 8
x2—4  x3+38 x2—4 x2+ 2+ 4

22 E) (2P — 2k + 4)
(A2)x—2) (2 +2xr+74)

— 2 + Divide out
X 2x + 4, x #£2 common factors.

Invert and multiply.

cHeckpoINT  Now try Exercise 41.

To add or subtract rational expressions, you can use the LCD (least common
denominator) method or the basic definition

b#0,d+#0. Basic definition

This definition provides an efficient way of adding or subtracting two fractions
that have no common factors in their denominators.

€l NG Subtracting Rational Expressions
x 2 x(Bx+4) —2(x—3)
x—3 3x+4  (x—3)0Cx+4)
:3x2+4x—2x+6
(x —3)3x + 4)
X2+ 2x+ 6
C (x—3)3x + 4)

cHeckPOINT  Now try Exercise 49.

Basic definition

Distributive Property

Combine like terms.
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For three or more fractions, or for fractions with a repeated factor in the
denominators, the LCD method works well. Recall that the least common
denominator of several fractions consists of the product of all prime factors in
the denominators, with each factor given the highest power of its occurrence
in any denominator. Here is a numerical example.

1 3 2 1-2 3-3 2-4

J’_ —

6 4 3 6-2 4-3 3-4

The LCD is 12.

2 9 8
== 4= _ =

12 12 12
_3

12
_!

4

Sometimes the numerator of the answer has a factor in common with the
denominator. In such cases the answer should be simplified. For instance, in the
example above, % was simplified to i.

SET WA Combining Rational Expressions: The LCD Method

Perform the operations and simplify.

3 2 x+3
+

x—1 x x%2-1
Solution
Using the factored denominators (x — 1), x, and (x + 1)(x — 1), you can see that
the LCD is x(x + 1)(x — 1).
3 2, x*3
x—1 x G+Dkx-1)
3 +1) 20+ Dx—1) (x + 3)(x)
xx+Dx—-1 xx+Dx—1) xx+ Dx—1)
3+ 1) —2(x+ Dx — 1) + (x + 3)(x)
x(x + Dx = 1)
O 3x2 4+ 3x — 22+ 2+ x2 + 3x
x(x+ Dx—1)
:3x2—2x2+x2+3x+3x+2
x(x + Dx—1)
2%+ 6x + 2
= < Combine like terms.
xx+ Dx—1)
22+ 3x + 1) .
=—"———= tor.
xx+ Dx = 1) aeor

cHECkPOINT — Now try Exercise 51.

Distributive Property

Group like terms.
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Complex Fractions and the Difference Quotient

Fractional expressions with separate fractions in the numerator, denominator, or
both are called complex fractions. Here are two examples.

H 0

x2+1 < 1 )
x2+1

A complex fraction can be simplified by combining the fractions in its numerator
into a single fraction and then combining the fractions in its denominator into a
single fraction. Then invert the denominator and multiply.

FE W Simplifying a Complex Fraction

) [
() [
_(2—3x>

=—" Simplify.

=)

Combine fractions.

=

2—3x x—1
= Invert and multiply.
X x—2
2—-3 -1
_ @=Ly
x(x —2)

cHeckPOINT  Now try Exercise 57.

Another way to simplify a complex fraction is to multiply its numerator and
denominator by the LCD of all fractions in its numerator and denominator. This
method is applied to the fraction in Example 8 as follows.

@_ 3) _ (%_ 3) Cxlx—1)
) ey
(2 ;3x> A — 1)

_ 2-3xx—-1)
x(x —2)

LCD is x(x — 1).

. x#1
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The next three examples illustrate some methods for simplifying rational
expressions involving negative exponents and radicals. These types of expres-
sions occur frequently in calculus.

To simplify an expression with negative exponents, one method is to begin
by factoring out the common factor with the smaller exponent. Remember that
when factoring, you subtract exponents. For instance, in 3x~%/2 + 2x73/2 the
smaller exponent is —% and the common factor is x~%/2.

3x75/2 4 2x73/2 = x73/23(1) + 2x 32~ (=5/2)]
= x"52(3 + 2x')

3+ 2x
- x5/2

el R Simplifying an Expression +

Simplify the following expression containing negative exponents.

x(1 —2x)732 + (1 — 2x)~1/2

Solution

Begin by factoring out the common factor with the smaller exponent.
x(1 =232+ (1 —2)7'"2=(1—2x)73[x + (1 — 2x)V/2=(3/2]
=(1—2x)3x+ (1 —2x)"]
1l =x
(1 — 2x)3/2
cHECkPOINT  Now try Exercise 65.

A second method for simplifying an expression with negative exponents is
shown in the next example.

PR Simplifying an Expression with Negative Exponents

(4 _ x2)1/2 + x2(4 _ x2)71/2 d

4 — x?

4 — x2)1/2 + x4 — x2)—1/2 (4 — x?)12

4 — x2 (4 — x?)1/2
R e R
- (4 _ x2)3/2
4 —x?+x?
- 4 — xz)s/z
B 4
- (4 _ x2)3/2

cHeckPOINT  Now try Exercise 67.
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FElD KM Rewriting a Difference Quotient +

The following expression from calculus is an example of a difference quotient.

VXt —\/;c

h
Rewrite this expression by rationalizing its numerator.
Solution
Fh- Vi iFh-Ji Jirh+

h h it h+
(Va+h) - (Vo)
h(\/x + h + \/;c)
h
B h(\/x + h + \/;c)
1
T

Notice that the original expression is undefined when 4 = 0. So, you must
exclude & = 0 from the domain of the simplified expression so that the expres-
sions are equivalent.

h#0

cHeckpoINT  Now try Exercise 73.

Difference quotients, such as that in Example 11, occur frequently in calculus.
Often, they need to be rewritten in an equivalent form that can be evaluated when
h = 0. Note that the equivalent form is not simpler than the original form, but it
has the advantage that it is defined when 7 = 0.

A.4

Exercises

VOCABULARY CHECK: Fill in the blanks.

1. The set of real numbers for which an algebraic expression is defined is the of the expression.

2. The quotient of two algebraic expressions is a fractional expression and the quotient of

two polynomials is a

3. Fractional expressions with separate fractions in the numerator, denominator, or both are called

fractions.

4. To simplify an expression with negative exponents, it is possible to begin by factoring out the common factor

with the

exponent.

5. Two algebraic expressions that have the same domain and yield the same values for all numbers
in their domains are called

6. An important rational expression, such as

a

x + h)? — x2 . .
¥, that occurs in calculus is called




In Exercises 1-8, find the domain of the expression.

2. 2x2 +5x — 2
4, 6x2 -9, x>0

1. 3x2 —4x + 7
3.4x3+3, x>0
1 x+1

5. .
x—2 2x + 1
7. Vx +1 8. V6 —x

In Exercises 9 and 10, find the missing factor in the numer-
ator such that the two fractions are equivalent.

, 5 s ) 3_3()

T e 0 =+

In Exercises 11-28, write the rational expression in simplest
form.

1 2 2
1. 1x 12, 1%
10x 60y°
3 2
13.i 14.&
xy + x Xy =y
4y — 8y? 9x2 + 9x
15, —— 16. ——
10y — 5 2 + 2
_5 —
17. — 18, 12— M
10 — 2x x—3
y2 =16 x2—125
19. 20.
y+4 5—x
3+ 5x2 + 24+ 8x — 2
2l.x S5x 6x 2. X 8x 0
x2—4 x2+ 11x + 10
2 -7y + 12 2—Tx+6
23.)77)’ 24.#
y2+ 3y — 18 x4+ 11x + 10
25.2—x-2i-2x2—)c3
x> —4
x2 -9
26 (/————
X3+ x2—9x—-9
3-8
27, 7%
722+ 27+ 4
3_9y2 —
28 TR
yi+1

In Exercises 29 and 30, complete the table. What can you
conclude?

29.
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30- | 01,23 /4|56
% =3
X2—x—6
1
Far 2

31. Error Analysis Describe the error.

32. Error Analysis Describe the error.

T -5k +3) 13

Geometry In Exercises 33 and 34, find the ratio of the area
of the shaded portion of the figure to the total area of
the figure.

.
A

34. xX+5 )\
2 |

+ >
w

|- o
|————

~—————— 2+ 33—

In Exercises 35-42, perform the multiplication or
division and simplify.

5 x—1 x+ 13 x(x —3)
35. e 36. .
x—1 25x—2) x33 —x) 5
17, r r2—1 4y — 16 2y + 6

r—1 TSy 415 44—y
2—r—6 1+3

2+6+9 12—4

x2 + xy — 2y? X

x3 4+ x%y 'x2+3xy+2y2

x*—36 . x? — 6x? x?— l4x +49 | 3x — 21
x x4 x x> — 49 Cox+7

39.

40.

41.

42.
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In Exercises 43-52, perform the addition or subtraction and
simplify.

LN ge., 21 1o
x—1 x-—1 x+3 x+3
5 3
45. 6 — 46. —— — 5
x+3 x—1
47. 3 >
x—2 2-—x
2x 5
48. -
x—5 5—x
49. ! al
x2—x—2 x*—5%+6
2 10
50.
x2—x—-2 x2+2x-38
1 2 1
51. ——
x x24+1 x3+x
2 2 1
52. + +
+1 x—1 x2-1

Error Analysis In Exercises 53 and 54, describe the error.

3x — 8

_x+4-3x—-38

- X x+2 8
54':(6; * x? x2(x +2
6 —x) + 2)2 + 8
6x < x™ x> +4+8
P x2(x P
C6x+2) 6

2 +2)  x?

In Exercises 55-60, simplify the complex fraction.

)

55—~ s6. X4
-3
el )
58—
el =
(-2 (i)

2
59, ———— .
Jx 12

Review of Fundamental Concepts of Algebra

f In Exercises 61-66, factor the expression by removing the

common factor with the smaller exponent.

61. x> — 2x 2

62. x> — 5x73

63. x2(x2+ 1) — (x2+ 1)

64. 2x(x — 5)73 — 4x2(x — 5)*

65. 2x%(x — 1)'/2 — 5(x — 1)"1/2
66. 4x3(2x — 1)3/2 — 2x(2x — 1)71/2

f In Exercises 67 and 68, simplify the expression.

3xl/3 — x2/3
3x~2/3

—x3(1 = x2)71/2 — 2x(1 — x2)1/2
4

67.

68.

X

f In Exercises 69-72, simplify the difference quotient.

( 1 1) [ 1 _L]
- + p)2 2
69. x+h x 70. (x + h) X
h h
( 1 1 ) ( x+h  x )
— - +h+ +
71 x+h 2 x—4 7. x+h ;l x+1

In Exercises 73-76, simplify the difference quotient by
rationalizing the numerator.

VX + —\/);
73, ——
2
Ji—3—-Vz
74, —M
3
7. x+h+1—-Jx+1
h
+ — — —
76. x + h i x —2

Probability In Exercises 77 and 78, consider an experi-
ment in which a marble is tossed into a box whose base is
shown in the figure. The probability that the marble will
come to rest in the shaded portion of the box is equal to
the ratio of the shaded area to the total area of the figure.
Find the probability.

77.

78. T

x+4

1
=

|— X —>1

e > —

|e— ||

2x+ 1 4
X+2 442




79. Rate A photocopier copies at a rate of 16 pages per
minute.

(a) Find the time required to copy one page.
(b) Find the time required to copy x pages.
(c) Find the time required to copy 60 pages.

80. Rate After working together for ¢ hours on a
common task, two workers have done fractional parts of
the job equal to 7/3 and /5, respectively. What fractional
part of the task has been completed?

Finance In Exercises 81 and 82, the formula that approxi-
mates the annual interest rate r of a monthly installment
loan is given by

[24(N/:4V - P)]

NM
(” * ﬁ)

r =

where N is the total number of payments, M is the monthly
payment, and P is the amount financed.

81. (a) Approximate the annual interest rate for a four-year car
loan of $16,000 that has monthly payments of $400.

(b) Simplify the expression for the annual interest rate r,
and then rework part (a).

82. (a) Approximate the annual interest rate for a five-year car
loan of $28,000 that has monthly payments of $525.

(b) Simplify the expression for the annual interest rate r,
and then rework part (a).

83. Refrigeration When food (at room temperature) is
placed in a refrigerator, the time required for the food to
cool depends on the amount of food, the air circulation in
the refrigerator, the original temperature of the food, and
the temperature of the refrigerator. The model that gives
the temperature of food that has an original temperature of
75°F and is placed in a 40°F refrigerator is

412 + 161 +
T=10<t 6t 75)

t2 + 4t + 10

where T is the temperature (in degrees Fahrenheit) and 7 is
the time (in hours).

(a) Complete the table.

t 0 2 4 6 8 | 10

T

t 12| 14 | 16 | 18 | 20 | 22

T

(b) What value of T does the mathematical model appear
to be approaching?
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84. Interactive Money Management The table shows the
projected numbers of U.S. households (in millions)
banking online and paying bills online for the years 2002
through 2007. (Source: eMarketer; Forrester Research)

Banking Paying Bills

2002 21.9 13.7
2003 26.8 17.4
2004 31.5 20.9
2005 35.0 239
2006 40.0 26.7
2007 45.0 29.1

Mathematical models for these data are

—0.728¢> + 23.81t — 0.3
—0.0492 + 0.617 + 1.0

Number banking online =

and

439t + 5.5
0.0027*> + 0.01¢ + 1.0

Number paying bills online =

where ¢ represents the year, with t+ = 2 corresponding to
2002.

(a) Using the models, create a table to estimate the
projected number of households banking online and
the projected number of households paying bills online
for the given years.

(b) Compare the values given by the models with the
actual data.

(c) Determine a model for the ratio of the projected
number of households paying bills online to the
projected number of households banking online.

(d) Use the model from part (c) to find the ratio over the
given years. Interpret your results.

Synthesis

True or False? In Exercises 85 and 86, determine whether
the statement is true or false. Justify your answer.

2n _ 12n
gs. =~y
xVL — ln
23y +
86. ’6)63%12 = x — 2, for all values of x.

87. Think About It How do you determine whether a rational
expression is in simplest form?



